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Abstract

In this paper, the path tracking (PT) control for automatic steering of vehicles is studied. The Takagi—Sugeno (T-S) fuzzy
model of vehicle obtained from a nonlinear model is considered and a fuzzy controller is designed. The stability analysis
is discussed using Lyapunov’s approach combined with the linear matrix inequalities (LMI) approach. Finally, simulation
results are given to demonstrate the controller’s effectiveness.
© 2003 Elsevier Science B.V. All rights reserved.

Keywords:Path tracking; Fuzzy logic controller; Takagi—Sugeno fuzzy model; Vehicle dynamics

1. Introduction

Recently, fuzzy control has become a popular research in control engineering. The fuzzy logic controller has made
itself available not only in the laboratory work but also in industrial applicatitx$1]. In recent years, theoretical
developments of fuzzy control have been proposed, and the constructions and the use of fuzzy controllers have been
explored[12-18,20,22] These works are essentially based on a fuzzy model of the prid&dsand on Lyapunov
stability to design the fuzzy control law.

One important application of fuzzy control is in vehicles: maritime, space and ground vehidg&k.Waneck
proposed a fuzzy controller for an autonomous boat without initially having to develop a nonlinear dynamics model
of a vehicle. Sugeno et gR,3] has designed a fuzzy controller based on fuzzy modeling of a human operator’s
control actions to navigate and to park a car. Lafdihhas proposed a fuzzy controller for aircraft flight control
where the fuzzy rules are generated by interrogating an experienced pilot and asking him a number of highly
structured questions. I®], the authors have designed an autopilot for ships by translating the steering behavior
of a human controller into a fuzzy mathematical modell@} a fuzzy control that uses rules on a skilled human
operator's experience is applied to automatic train operations. Nguyen and \Witibvave developed a neural
network controller for the truck backer upper to a loading dock problem from an arbitrary initial position by
manipulating the steering. Kong and KogBd have proposed a fuzzy control strategy for the same problef8],in
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Wang has solved the same problem by generating fuzzy rules using learning algorithms. However, all the above
studies do not treat the PT problem and have not analyzed the stability of the control systems.

This paper focuses on the design of a stabilizing fuzzy controller for the PT problem of vehicles using its nonlinear
dynamics model. Such a dynamics model has been devel[@peth] and is used by vehicle construct¢2s] in
order to simulate the vehicle behavior. The vehicle nonlinear model will be approximated by a set of linear models
interpolated by membership functions (Takagi—Sugeno (T-S) fuzzy model) and then a model-based fuzzy controller
will be developed to stabilize the T-S fuzzy model. Based on the T-S fuzzy model of the vehicle, the outcome
of the fuzzy tracking control problem is parameterized in terms of a linear matrix inequality (LMI) problem. The
LMI problem can be solved very efficiently by convex optimization techniques to complete the fuzzy path tracking
control design for vehicles.

The paper is organized as follows.3ection 2 the vehicle dynamics model is presented, thereafter, a kinematics
model based on mobile target configuration tracking is derived for the PT proBleation 3is devoted to the
representation of the vehicle model by a T-S fuzzy model and to the fuzzy control design for PT problem using
Lyapunov’s approach combined by the LMIs approachSéation 4 simulation results are given to highlight the
effectiveness of the proposed control |&ection 5concludes the paper.

2. Problem statement

2.1. Car dynamics model

Generally, the real time application linked to the control of the vehicle use kinematics models or dynamics ones
which take into consideration one or two degrees of freedom, for example lateral displacement and yaw angle
[26]. In order to obtain a good accuracy on the behavior of the vehicle, we propose to use lateral and longitudinal
dynamics. We consider that the vehicle moves on a plane road, dry and without disturbances such as wind, snow
and rain. We do not consider the vertical displacement and pith angle. With these considerations, the final dynamics
model describing the behavior of the vehicle, as introducéi8rR4]is given by

fky — k C ar 1
uzvr—fg+1—2u2+—f(£+—)8+ﬁT,

M M \u u
C C bC —a C 1
b _ur_ SEHGY G Cf£+_fa+_T8,
fMh bC. —a b2Cy — d?C a
= ——ur+ G-aGy bG—a f£+—qs+iT8,
I, T, u I, u I, I,
b=r

where (x, y) are the longitudinal and lateral displacement, respectively, in the fixed frRiDe, 7, (u,v) are
longitudinal and lateral velocities, respectivelyhe yaw rate ang the orientation angle of the vehicle. The control
actions of the vehicle are the traction force or the braking fareed the steering angbeof the front wheel (see
Fig. 1). Constants of the system are indicated\ppendix A We remark that this dynamics model is MIMO and
highly nonlinear.

2.2. Path tracking problem

As shown inFig. 1, the target configuration is represented by a reference vehicle with the same kinematics
constraints as the real one.

Let (u, v, ¢) and(uy, vy, ¢r) be, respectively, the longitudinal velocity, lateral velocity, yaw rate of the real and
the reference vehicle.
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Reference car v o Desired trajectory

Fig. 1. Path following representation.

Our objective is to determine the control actiohands allowing the real vehicle to follow a trajectory defined
by reference vehicle. In other words, lat, ye) are the coordinates of the position error ved}lftﬁflr in the frame
Ri(M, i, }) linked to the real vehicle, angle = ¢ — ¢, denote the orientation error between both vehicles. The
position error vector can be written in the mobile fraRiaas follows:

MT\/Ir = xe;: + yej'. (2
Differentiating (2) with respect to time yields
dMM; L - e
g = el T Ve +xep) — yedi = uel + vel, 3)
ie.,
Xe = Ue — Yel, Ye = Ve — Xel-

Furthermore, we have
dMM; _ d(OM,)  d(OM)

d  dr dr “)
where
dO_Mr = . = . = =
ar = ur COS@e)i — ur SiN(Pe)i + vr SIN(Pe)i + vr COLPe) Jj, (%)
doM - -
o +vj. (6)
Substituting (3), (5) and (6) into (4), one obtains
Xe = uy COSpe) + vy SiN(de) — U + Yed, @

Ve = —ur SiIN(@e) + vr COYPe) — v — Xegh,
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ie.,
u = ur COYge) + vr SiN(ge) — ue, v = —ur SiN(¢e) + vr COSPe) — ve.
Furthermore, fronkig. 1, one has
¢e:¢—¢r=re=r—rr- (8)

Finally, the state representation for the path tracking problem can be written as follows:

. fkl—k22 Cs v ar 1
gt G Ay, 1,
e AV AR

, Ci+Cv bG—-aGr Ci. 1
= —ur — — —+ —6+ —=T5,
v R AR VAR,
fMh bC — a b2Cy + d?C a
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fte = ur COS(¢e) + vr SiN(¢pe) — U + yeob,
Ye = —ur SiN(¢pe) + vr COSpe) — v — xedp,
pe = — ¢r.
Our control objective is to make the vehicle follow a desired trajectory, that is

u — Uur, v — v, xe — 0, ve = 0, ¢e — 0.

3. Analysisand design of fuzzy control system
3.1. T-S fuzzy model of vehicle

As in [28], we propose to use T-S fuzzy control for the nonlinear system trajectory tracking problem described
by Eq. (9)

Using this technique, the T—S fuzzy model of a vehicle is easily obtained by linearization near different operation
points(Xe;, Ugi).

The nonlinear model given in (9) has the following form:

X = F(X, U, 1), (10)

where [F1, ..., Fg]is asix-dimensional vector function of the state ved{os [u, v, r, xe, e, ¢e] and control vector
U = [T, 4]. The functiong~; are continuous and continuously differentiable in their arguments. At the equilibrium

F(Xe, Ue, t) == 0

After linearization of nonlinear model describeddn. (10)for a specific equilibrium point using Taylor series, we
obtain a T-S fuzzy model with the following form:

Ll if Xis ~ (Xei, Ue), thenX = A; X + B;U,
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where
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The fuzzy ruleL’ represents thigh linearized system about the operating poXi;, Ue;), Where
oF oF
— B —

i

X =X—- Xe, U=U - Us, A;

IX | (Xei. Uei) U | (X, Uer)

L'(i = 1,...,n) denotes théth implication.(A;, B;) is theith local model of the fuzzy system. L®¥; be the
membership function of the inferred fuzzy set corresponding to the operating régind/e;). The final state of
the system is inferred by taking the weighted average of all local models:

Y Wi(AX + B;U)
Wi .

3.2. Fuzzy controller design

)L(:

(11)

At this stage, we present the used T-S fuzzy controller scheme for nonlinear system trajectory tracking. We
consider a finite number of operating regit®;, Ue;). In each one, the system is characterized by local linear
models. We suppose that all states in the vekter [u, v, 1, xe, ye, Pe] are measured. For each local mode], B;),
we design a local state feedback controllers having the following structure:

U=-K(X-Xp), (12)
whereX; is the reference model state aﬁﬁis any matrix such thatd; — B; Klf) is Hurwitz. The global controller is

inferred by calculating the weighted average of all local controllers. The membership functions are used as smooth
interpolations.
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The structure of the fuzzy controller is
R :if Xis(Xe, Uei), thenll = —K'X.
The final output of fuzzy control is given as
> Wik(X
YR

3.3. Stability analysis

U= (13)

It is well known that even if the local controllers stabilize the corresponding local models, the global stability of
the closed loop system is not guaranteed.

Next, we will find a sufficient condition with guaranteeing a global stability. Now the global closed loop fuzzy
system is obtained:

>i1> i WiWlA; — BiK{1X
a2 Wi
The sufficient conditions for exponential stability of (14) are well kngh@-15]

X = (14)

Theorem 1. The equilibrium of fuzzy systdii¥)is asymptotically stable if there exists a common positive definite
matrix P such that

(A; — BBK)TP+ P(A; —BiK') <0 fori=1,....n, (15)
G;}-P—I—PGij <0 fori<j<n, (16)
where

Gij = 3([Ai — BiK"] +[A; — B;K!]).

This theorem reduces to the Lyapunov stability theorem for continuous time linear systems whénThe
control design problemis to sele&‘ﬁ (i=1,...,n)such that conditions (15) and (16)Tineorem lare satisfied.

To check the stability of the fuzzy control system, it has long been considered difficult to find a common positive
definite matrixP satisfying conditions (15) and (16). [d3], a procedure to construct a commBns given for
second order fuzzy systems. We pointed ot that the problem of finding a common matfxcan be solved
numerically by convex programming algorithms involving LME.,27] To do this, a very important observation
is that the stability condition oTheorem 1lis expressed in LMI$15]. To check the stability, we need to firl
satisfying the LMI conditions

(A; — BIK))TP+ P(A; — BK|) <0 fori=1,2.....n,  G[P+PGj <0 fori<j<n.

4. Simulation results

For the path tracking maneuver, we choose the operating points which check the following equations:

Ve + ar
Te+ M'Uere — Mfg + Cfae © u © + Mg(fkl — kz) = 0,
e
Ve re
Tebe — MUere + Ctde — (Ct +Cr)u—+(cr—acf)u— =0, (17)
e e

aTede — Mfhtere + aCtde — (aCe — bG)—2 — (b2Cy + a2C) - = 0.
Ue Ue
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Three operating points are chosen:
(ue1, vet, ret, Te1, de1) = (20my/s,0m/s, Orad/s, 45433 N, 0°),
(ue2, Ve, re2, Tz, $e2) = (30m/s, —3.2m/s, 0.8rad/s, 54383 N, 5°),
(ue3, ve3, re3, Tes, 8e3) = (40M/s, —8 m/s, 1rad/s, 15975N 5°).

209

We consider the following gains:

o _ | 28466x10°  —95333x1C° 59163x 10" -24935x 1C° 32202x 16° 1.0677x 10°
' | -30888x10°  0.13649 0087483  —0.087662  —0.88671 68637
o _| 36311x10'  30077x10'  58368x 1° -31659x 10° 29973x 1P  3.2963x 1(°
® | ~1.9610x 10 13031x 10" -2.0189x 10! 4.4963x 10° -8.6899x 101 53208
o _ | 31642x10'  —22318x10° 24846x 10°  -19236x 10° 15170x 10° —8.6682x 10°
° | ~1.3971x 102 28546x 10! -15647x 102 —16701x 10"  —18193  12074x 10" |

Fig. 2gives the membership functions of the longitudinal velocity corresponding to redeele;).
The fuzzy model of the vehicle designed from three rules is stable if

S11=Gl,P+PGy; <0, (18)
Sp2 =GP + PGy < 0, (19)
S33= G13P 4+ PGz < 0, (20)
S12=Gl,P + PGy <0, (21)
S13= G{3P +PG13 <0, (22)
1 T T T T

0sl .

08} 1

07} 1

§ osf 1

03l 1

02l 1

01} ;

% s 20 2 % % w0 w 50

longitudinal velocity (m/s)

Fig. 2. Membership functions.
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Vehicle trajectory
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Fig. 3. Motion vehicle to the desired trajectory.
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Fig. 4. State variable evolution.
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So3 = G;SP +PGy3<0 (23)

for a common positive matriR.
Using the LMI approach, we obtain

24559% 10  94152x 107 —1.8604x 108 26138x 107  1.1279x 10~/ 3.3387x 1071
9.4152x 107  54117x 10~/ 3.4499%x 10°  1.1973x 107  6.1704x 108 —85123x 10710

b —1.8604x 108  3.4499x 10°° 2.0344x 10° —2.0723x 10°% —3.0940x 10710 _15350x 10! o
2.6138x 107  1.1973x 107 —2.0723x 10°° 35686x 108  15424x 108  26756x 10710 '
1.1279x 107  6.1704x 108  —3.0940x 10710 15424x 108  7.8649x 10°  50227x 10°11

3.3387x 10710  _85123x 10710 —15350x 10710 26756x 10710 50227x 1011  3.2539x 10711

It can be easily shown that the stability conditions (18)—(23) are satisfied.

To highlight the effectiveness of the proposed control algorithm, we present the simulation results for a path
tracking problem of the vehicle. One arbitrarily chosen initial staig o, o, x0, Yo, ¢o] =[25m/s, —0.8 m/s,
0.2rad/s, 10m, 5m, 0.1rad] and the desired trajectory is definediby=(185m/s,vy = —0.34m/s,r; =
0.78 rad/s)Fig. 3shows that the vehicle starting from initial state follows the desired trajectory rapiglyshows
the convergence of the lateral velocity, longitudinal velocity, yaw rate variables towards their desired velocity and the
tracking errors of longitudinal displacement, lateral displacement and the orientation between two vehicles. We see
that this fuzzy controller successfully drives the vehicle to the desired trajectory starting from an arbitrary initial state.

5. Conclusion

In this paper, we have presented a T-S fuzzy scheme for trajectory tracking of vehicle dynamics. A nonlinear
behavior of vehicle has been presented by a T-S fuzzy model. Based on this T-S fuzzy model, a fuzzy controller
has been developed. The stability of the closed loop nonlinear systems has been analyzed using Lyapunov’s method
combined with an LMI approach. A simulation result is given to illustrate the designed procedure and tracking
performance of the proposed algorithm.

Appendix A

Symbol Name Value
a (mm) Distance, c.g. to front axle 1050
b (mm) Distance, c.g. to rear axle 1630
h (mm) c.g. height 530

M (kg) Total mass 1480

f Nominal friction coefficient 0.02

I, (kgP) Moment of inertia 2350

g (m/S) Acceleration due to gravity 8.81
Cs (N/rad) Front roll stiffness 135000
C; (N/rad) Rear roll stiffness 95000
k1 (N/sm) Portance parameter 0.005
ko (N/sm) Drag parameter 0.41

fo Distribution coefficient, front/rear 0.6
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